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1. Introduction

Since Landau and Khalatnikov's work 1 ) on transport coefficients, i.e.,

the thermal conductivity and viscosities of liquid helium, Khalatnikov and

Matveev2 ) reexamined the transport coefficients due to contributions by

phonon-roton scattering and noted that the results of Landau and Khalatnikov's

work with a normal dispersion deviate from experimental data by as much as a

factor of two. The correct anomalous dispersion indicates three-phonon

processes (3PP) to be important near absolute zero temperature, and should

thus be included in calculations of transport kinetic coefficients.

It is well known that the kinetic equation with temperature gradient for

*the thermal conductivity vanishes for a pure phonon gas, and thus the

corresponding thermal conductivity becomes zero. However, the kinetic

equation for the first viscosity does not vanish for a pure phonon gas near

zero temperature, and 3PP become important. The purpose of this paper is to

evaluate the contribution to the coefficient 'ph of first viscosity from 3PP

V which were not included in the work of Landau and Khalatnikov. For small

momenta the three-dimensional dispersion relation has been evaluated

explicitly by adopting a soft potential to give
3 )

C(P) - CoP[I + 7p 2 6p3 +...] , (1.1)
00

where C0  is the velocity of sound at absolute zero temperature. For bulk

liquid helium of density 2.18 x 10-2 A 3 , we can use the following values4 )

obtained to fit the experimental data5 ) of the excitation energy spectrum:

-'-" 72 51 2  3 6)A

.- 51A , 6K - 3.25A , C - 238.2 m/s, u - 1.8 6)
• o
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In Sec. 2 we consider phonon-phonon interactions in bulk liquid helium

via second quantization to obtain the characteristic time for 3PP. We then

solve the kinetic equation for the coefficient of first viscosity in Sec. 3.

Finally, in Sec. 4 we discuss numerical results.

2. %'honon-phonon interaction in a three-dimensional quantum liquid

To consider the phonon-phonon interaction in a three-dimensional quantum

liquid, we begin with the Hamiltonian H and the internal energy E(p) 7 ) for

superfluid liquid 4He, given by

H - d3 r [. pv + E(p)] (2.1)

E(p)- E(p0 ) + d3p ne(p) (2.2)

where 0 and are the velocity and density operators expressed in terms of the

annihilation operator A and creation operator a, n is the number density of
p

excitations, and P is given by o + ^', the constant and variable parts,
0 0

respectively. Expanding the internal energy E(p) as a function of p' and then

expressing this expansion in terms of annihilation and creation operators, we

obtain

H -H 0 + H3 + H4 + (2.3)

H0 - (aap + )X

p

0

111 1 -a. ... ..r



H -4W 3 h3/2 C COP3 1/ 2
3 2V) 22 )/ (g 2 ) + -2

pi p2 P3  ~ol230

O~P P2P3 1/2 P2 p123
X ](p a a 5 (;l+;-1)exp-i(-.-Wo+Wo)t)

+ a 1a P2a P3(pl-p2-p)exp(-i(w 1- W- C 3)t) + (2.4)

p1i p2 P 3  1 a2 C 22

H ) -.-( 2 0(p ) 1 /24 4! 2VC 0)a 27 ) LppP34

p1 p2 p3 p4

[a PIa P2a p3a P4 6('l 1 4 2 + 3 4 )exp(-iw+W 2 +to3 +W4 )t)

+a at at A~ +" .-- -* --
a P1aP2a3 a P46(p l-p2-P3+4 )exp(-i(w 1- 2-W3 +(j4 )t)+(25

where the other six terms to be included in Eq. (2.4) are given by

combinations of a p, a , a and at 1,at at, and fourteen additional terms
p1  2  P3  p1  p2' P3

with the combinations of four creation and four annihilation operators appear

in Eq. (2.5).

The nonzero matrix elements ofa and atare
p p

<-1a n > - -i(n)e

latIn > - i(n )4e1wt(2)
p p p-h p

0

M, Ml061I & M~
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The matrix element <n IH01np> is (np+ )yw, where w - cp and H0 is thus the

-S. p
Hamiltonian of a simple harmonic oscillator. H 3 and H are the anharmonic

perturbative Hamiltonians. Transitions between different states occur due to

H 3, H4 and other higher-order perturbed Hamiltonians. The transition matrix

element from state li> to state If> in second-order perturbation theory is

given by

• <fIH 3 1Jj IH 41i>

<flHli> - <flH 3 1i> + <ftH4 1i> + E > (2.7)
SJ J 3

According to Eqs. (2.6) and (2.4), the first term in Eq. (2.7) contributes

5' only to 3PP, and the second and third terms are related to 4PP.

A finite lifetime of an elementary excitation in a quantum liquid

originates from two processes. One is the collision between elementary

excitations, and the other is the spontaneous decay of a phonon into two,

three or more phonons. Since the collision probablity tends to zero at very

low temperatures, the collision process will become less important and

negligible. At very low temeperatures, below 0.6 K, the main excitations in

liquid 4He are phonons. Therefore, we may consider the decay of the phonon

_ into two phonons only, i.e., 3PP, 8 ) consisting of two processes: the direct

process of emission of a phonon, P3 ' P1 - P2 + P 3 , and the reverse process of

absorption of a phonon, P 3, P 2 + P 3 - Pl. The differential decay probability

per unit time in three dimensions is given by

2 Vdp~dp(2.8)w I<fIHIi>12 5(e fC) (2()6

31C0(1X
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Since the matrix elements in both processes are given by

f I31Ii> D 2 (2V )3/2 6(P -P- ppl2  l

+ 2 L p p XiPP2 /2 J (np2+1)(np+l) , (2.9)

0

- 3' (27iM) C 1/

31 R 2V 3 2 P -2 - O P P

Po~ C, COpIp 2P 1 /2
+ J ())~ (n +1)n n ,(2.10)

3C 2ap p P0  p1  P2
0

where n p is the distribution function of phonons with momentum p, the total

decay probabilities per unit time of the two processes are

0-

VIC 0 21 f d '2 p n (n +)n +n6 (eff i (2.12)
0 (21w)K) 1  p

VC 0 0 0 0P n + ) 6 c C( . 2

The collision integral, which is the difference between the differential

decay probability per unit time for the direct and reverse processes, can be

written as



3P--I 0(u+l) 2  (2 3 2 -n )6(e f_ f ) . (2.13)

where 6n - n p - n PO, with n POas the distribution function of phonons with

momentum p in the equilibrium state. Since the collision integral J 3 PP(n) is

given by -(n-n 0 )/T3 PP, we have

-1p - 1r ('.+l) 2 P ~ -n M6 e -e) . (2.14)3PP 24p 0(2ir)Q 3 1' l 0p 20 f

The three-phonon processes are small-angle processes, and thus p1 and P2
are much larger than P3 . Hence we may use the following relations to evaluate

Eq. (2.14):

an
p1

-l n P2 aw)0w (2.15)

0 0

awl
"2 '1~ ()P 3  _wcose .(.6

Substitution of Eqs. (2.15)-(2.16) into Eq. (2.14) and integration of Eq.

(2.14) over momentum space yields

7r (u+l)kr T 2 (.73 57
73PP 30)( pC 0

0 0

11.......

111 111



3. Viscosity

In this section we shall evaluate the coefficient of first viscosity.

We first consider the macroscopic motion of liquid helium, which does not

depend on time, with velocity v in the z-direction and the gradient directed

along x-axis. Then the kinetic equation becomes

v.Vn nv - J(n) (3.1)

Vn - v x ax (31

The phonon distribution function in the motion of liquid helium with velocity

v is given by

no - [exp( BT) k 1] (3.2)

where C is the phonon velocity (equal to C at zero temperature).- 0

Substitution of Eq. (3.2) into (3.1) yields

no (n+l)-C v cos~sinecosO - J(n) (3.3)0 0 B Tax

where here 8 is the angle between p and the z-axis. Since 4PP establish

energy in the equilibrium state and the distribution function of phonons is

related to the variation of phonons, which characterize the chemical-potential

-i a, the distribution function becomes

n - [exp(a' + P-e- )] 1  (3.4)
kBT

0Ii
1O
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Expanding Eq. (3.4) as a function of a~' to obtain the deviation of n from n0

and considering the linearity of the left-hand side in Eq. (3.3), we can write

Sn-n- - n0(n 0+l)a' (3.5)

t'- acos~sin~cosO (3.6)

Replacing J(n) by J 3 PP(n) in Eq. (3.3) and integrating over momentum space, we

obtain

dp p 2 J3  (n) - kT~sncoo B 3 (3) ax (3.7)

f dpp i3WLI oXsinCo4sC( ') 3! 3a osics- (.8

-. 0 o

.- 5k

r3upp(k ) ax axP

use Eqs.icen (35-36 oehe ith Eq.oit (217 andtained/ for the evaluation o

th testesrascitdwt .Pgvnb
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ay I- dD p v(n-n)

axz - " ph ax 3 (2 z)0

- J dp scosO C sin8cos[-n (n +1
(2r)O 3 0 0 0 )axCSifB0]

(3.10)

Performing the integral, Eq. (3.10) becomes

3!C3) (kB) (311

xz -30 2 ,3 C A (3.11)
0o

" We can get the coefficient of first viscosity by comparing Eq. (3.11) with the

first expression in Eq. (3.10):

~3! (3))(p 2 C 2
7h(T) -- 0 1.904 x 10-7 1 (3.12)

5h 2T T

. We note that the coefficient of first viscosity1 ) ,9) at temperatures below 0.9

K is given by

"9 -1/2 (i+ 5T9/2eA/k8T I
!?ph(T) - 3.50 x 10. T e (1 + 2.15 X 10- T , T < 0.9 K

(3.13)

4. Hurical Results amd discussion

In previous sections we have evaluated the lifetime and the contribution

of first viscosity. At relatively low temperatures (< 0.9 K), Eq. (3.13)

reduces approximately to



I1

1.5 x 10 
4  T5

However, as the temperature approaches absolute zero, the roton density

becomes zero, and thus the contribution from the roton-phonon scattering to

viscosity will vanish so that the main contribution comes from the 3PP.

5 1
Therefore, the temperature dependence is changed from T- to T" , Figure 1

illustrates the coefficient n ph(T) given by Eq. (3.12). The coefficient

N increases slowly, and near zero temperature it increases very rapidly and

finally diverges. In conclusion, we point out that in consideration of the

3PP originating from the anomalous excitation spectrum at low momenta, the

temperature variation of first viscosity depends on T
"
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Figure Caption

Figure 1. Viscosity coefficient due to the contribution from 3PP.
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